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Abstract. In this paper we consider a class of second order elliptic-parabolic equations of
non-divergent structure, allowing for non-uniform degeneracy in a finite number of points
of the region. For the strong solutions of the indicated equations we prove an internal a
priori estimate of the Holder norm, and for positive solutions - Harnack type inequalities.

Keywords: Elliptic-parabolic equation, unequally and degenerate, Sobolev space.

AMS Subject Classification: 35J25, 35D40, 35J70.

1. Introduction

This paper is devoted to the study of qualitative properties of solutions of
non-uniformly degenerate non-divergent second-order elliptic-parabolic equations
with discontinuous coefficients. At first, we prove the theorem on the increase of
positive solutions of the above equations, after which an internal a priori estimate
of the Holder norm is established for them. Next, following the method of
operation [11], for non-negative solutions of the above equations we prove the
analog of the classical Harnack’s inequality. We will limit ourselves here to
mentioning the works of [1]- [11].

2. Theorem on increasing positive solutions

Let E, and R,,;-euclidean point spaces x = (xq,...,x,) and (x,t) =
(x1, ..., xp, t) respectively.
Let us consider in the bounded domain D c R,,; (not necessarily
cylindrical), n > 1, (0,0) € D the following elliptic-parabolic equation
n

Lu = Z a;j(x, u; + (0 — uge —ur =0, (x,t) € D. (D
fj=1
Suppose that ||a;;(x, t)|| is a real symmetric matrix & € E,, and (x,t) € aD
condition fulfilled (see, [3])
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n
in a;(x,t) )
LG
n 2
o = su au(x t) z l](x t) / aii(x; t) _
/1 (1) A;(x, t)/l (x,t)" \ 4 . A;(x,t)
i=
—n <0 3)
@(z) € C[-T,0],0(2z) = 0,9 '(2) = 0,9(0) =0,
@'(0) = 0,¢(z) = B1z¢ (2), B > 0 — constant. 4)
Here u = u(x, 6),up = 24 g = 2%y = 25y = =25 i j =1
u =l 0, u = 50, U = 55, W = 5 Uy = 5o, b =1 em,

y € (0,1]- constant,

. n aii(x, t)
inf);-, 2,06, 0

n ii(x t)
SUPLi=17,(x,0)
2
o (/)]
Ai(x, t) = [—p(x)+ o ,i=1,...,n,

where

p(r,0) = > (Il

iz

Concerning the functions w;(z) (i =1,...,n) will suppose satisfying the
following conditions: w;(t) —continuous and strongly monotonically increasing on
[0, diamD] function, w;(0) = 0,(i = 1,...,n), w; *(2), (i = 1,...,n) function, the
inverses of w;(z), and moreover. (see, [2])

@ w)(R) < w;(nR) < Bwy(R), RE (o, dia;“ b ] (5)
MR\ 9T ® (6, )\?
() [
R € (0, diamD),i = 1,...,n, (6)

for some a,B € (1,%),n > 0 and g > n and constants A and «, 8 do not depend
on R. Moreover, suppose that the elements of the matrix |a;;(x,¢)| are
measurable functions in D. The condition (3) is called a parabolic condition of
Cordes type [4], [1]-[3].

By the solution of the equation (1) we will understand its classical solution,
i.e., the function u € C#2(D) n € (D), converting the equality (1) to the identity.
The function u € C%2(D) is called L- subelliptic-parabolic in D, if Lu >0 for
(x,t) € D.The function u(x,t) is called L-superelliptic-parabolic in D, if the
function-u(x, t) is L-subelliptic-parabolic in D.
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Let x° € E,,R > 0,k > 0, denote by EX’ (k) the ellipsoid

n 2
x: —(xi — x?)z < k?
= (07 (R))
through ITg.; (x®) parallelepiped {x:|x; = x| <k-w;*(R),i=1,...,n} and for

t1 < t2, through 5" (x©) is the cylinder EX° (k) x (t%, 2).
Let

)

9bR2 bR2 bR2
Cl=Cp,p (0) C?=C, (0) C3 =Cc\C%C* = (0)
(x°,t%) e r'(cH), c5 = CLTPRE (x0) = 5(x, tO)

0 bR 0_pR2, o_bi
€6 =COG, ) =Cho # 7 (@0),¢7 = 700 = ¢h T (o,
where the constant b € (0,1] will be determined later. Through S(C) will denote
the lateral surface of the cylinder C,and through F(C) is its lowest base.
For S > 0 and > 0 we introduce the following function

( 1 - x.2
Gg’ﬁ(x, t) = {t‘s - exp 4Bt2( ‘1(R)) ’ t>0,

k 0 t<0.
Lemma 2.1. If with respect to the coefficients of the operator L conditions
(2) - (4) are satisfied, there exist S(y,n,b) and B(y,n, b) such that for any fixed
point (y,7) € C3, the function G}f'ﬁ(x—y,t—r) is L-subelliptic-parabolic in
CA\{(y,0)}atR < 1.
Proof. It is enough to consider the case > t . For the prostate, we will denote
the function Glf'ﬁ (x,t) by G(x,t). We have
LG (x—yt—1)

e A
1 - O =y (x5 — )
- N -
-1 iJZ=1 T (0 @) (o @)

1 - a;;(x,t) L5 1 C (x; —y)? B
2B i=1 ((p-_l(R))2 4Bt -1 i=1 (wi_l(R))Z
S(s +1) $+1D-90-6) T (6 —y)?

— (0 — ) . +
T 2p(t —)* =1 (oul-‘l(R))2
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p(0-t) C (x; — y)?
16B2 (t—1)3 —~ ( —1(R))2

1 o (%, 1) iy
sz(t-r)'z 206D Z“ t)

-1<R))
1 aa(nt)
_ﬁ 2. 2000 Zl(x t) —I(R))
1 o (= y)?
4B(t — 1) £ ((Ui_l(R))ZI

If (x,t) € C3, then |x;| <17 - w;*(R),i =1,...,n
Therefore

+5 -

(1)) < w; (17071 (R)) < BR,

9b
p() = ) willxl) < pnk, I < |F <28,
i=1

pG) ++/Itl < (Bn + 2)R.
On the other hand, for (x,t) € C® either ¥7;_;

2
Xi

(07 ®)

()

(8)

> > 1, either

bR? . . , ,
] 2?. Thus, either there exists a natural number iy, 1 < i, <n such that

1 _ A Vb
|xi,| 2 \/—ﬁwiol(R), either |t| > “~R .

Conclude that

R

_1 2 . ,
c1.1(n, b) <wi R(R)> < Ai(x,t) < c(n, b) <wi (R)> Q=

Furthermore

1/2 1/2
n 2

o (= y)? x|
Sorw)) ;(w?(m)z '

n 1/2

y?
+ Z—‘Z <17+17 =34

i=1 (wi‘l(R))

We get
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n
14 C11 (x; — Yi)z

]2—._. -
42t -1 R? i=1(w;1(R))2

__ " a2 o 1 _n (x; — ¥i)?
Y'Zﬁ R2 4-,3(t—‘[) i=1(a)l._1(R))2_

n
> 1 ] (V "C11 1) (x; —y)? _ NGy ©)
TAL(t - - 2 2yB°
B( T) B = (wil(R)) YB
Therefore, assuming in (9)
_ _ B=yecia (10)
in conclusion
JE e (11)
2y%-cq4
Now it’s enough to choose
S = a2 (12)
2y%-c1q

and the lemma is proven.
All further on, we will assume that the parameters g and S functions

G,f’ﬁ (x, t) are chosen in accordance with the equations (10) and (11). Choose and
fix an arbitrary b € (0, 1) satisfying the inequality
49
bBS < R (13)

Let E — B-set, situated in C3. Name the measure u on E,(S,3,R) as
admissible, if

jG;f'B(x—y,t—r)du(y.T)Sl for (x,6) & E.

E
Number P,f‘B(E) = sup u(E) , where the exact upper bound is taken over
all (S,B, R)-admissible measures, is called the subelliptic-parabolic (S,p,R)
capacity of the set E.
In the following, to shorten the notation, we will denote PRS’B(E), simply
by P (E).

to_szz 0 3
Lemma 2.2. Let B = CR:p " ,B c C° wherep > 0,R € (0,1], then

1305, B) " (pPR)* < Pr(B) < c14(S, B) - (pR)*.
Proof. Let’s consider the function

W(x,t) = G(x,t;x°t° — p?R?) ,(x,t) € B.
If <t°— p2R%  then W(x,t) = 0. If x € EX¥’(p), then
W(x,t) = (t —t°+ p2R?)™S x
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_ .0
X exp |- 1 Z(xl x)

4.8(t_t0 +p2R2) —I(R))
< (t—t%+ p2R?»)~S - exp <— 1= t/z’ " p2R2)>'

Consider the auxiliary function

p?
Zw)=v"S- ——, v>0.
(w)y=v exp( 4ﬁv) v

Solving the equations Z* (v) = 0, we find that v = ; Thus the function

W (x, t) reaches a maximumat t = . — "y 0 p?R? . There by for x € EX’ (p)

ﬂ
2

)
Wx,t) = <4%> - exp(=S) = (4B8S)S - (pR) 25 - R?S - exp(=S).

Now, let’s say >t°. Since at p > 0,t —t° + p?R? > p?R?, (t —t° +
pZRZ)—S < (szZ)—S and

1 _ .0
exp Z(xl x) <1,

4ﬂ(t_t0 + p?R?) —1(R))
then
W(x,t) < (pR)™?. (14)
Combining (13) and (14), we conclude that
sup W(x,t) <a-(pR)™%5, (15)
Rn+1\B

where a = max = {1; (48S)5 - e~5 - R?}.

Now consider the singular measure p, concentrated at the point (x°,t% —
p?R2) with density - - (pR)%.

We have for (x, t) € B taking into account (15)

[ewyeodo = [ wendxe - 2R <
B {x0,t0—p2R?}
<a-(pR)™** - u{(x%t° —p*RH)} =1
that is, the measure pn is (S, 5, R) admissible. Therefore P;(B) = supu (B) and
Pr(B) = u(B) = u{(x%t° — p?R?)} = % (pR)?S, which coincides with Pz(B) >

c13(pR)* atcy3 = %-

The proof of the lemma is complete.

Lemma 2.3. Let C> contain a region D having limit points at I'(C>) and
intersecting C®. Let D further define a positive L-subelliptic-parabolic function
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u(x, t), continuous in D and going to zero on I'(D) N C> . Then if Ex = C7\D and
R <1, then

sup = (1 +n,(y,n) - R™25 - Pr(ER)) - sup u. (16)
D DNCe

Proof. Without losing generality, we can consider that Pg(ER) > 0,
otherwise inequality (16) is obvious. Let us fix an arbitrary 0 < € < Pz(Eg) and let
u a measure of E is such that

U0 = [ G -yt- DD <1, WOEE. (A7)

B
u(Eg) > Pr(ER) — ¢, (18)
where G(x,t) = G}f’ﬁ(x, t). Let us fix a point (y,7) € €7 and an n-dimensional
vector x € 6E,’{°(8). Let’s find that value now t > 7 at which the function
v(t) = G(x —y,t — ) reaches its maximum. Setting the derivative v, equal to

zero, we obtain
n

1 (x; — y:)?
t—T=4ﬁS-Z : )2.

= (07"
On the other hand
1
n 2 n 2\2
-2\ _ (N (=
] = e
= (07'®) = (07'®)
1
n 02 2
Z(yl l)z SB_1=7
= (wi‘l(R))
Therefore
1
t— —— 49,
t=4Bs
Then
bR? < 9 <t
= 4[35 = T
Given the monotonicity of v(t) up to the first maximum, we conclude
sup G(x—y,t—1) <R 2:-p5-e75. (19)
(x,0)ES(CS)
(y,t)ec?
Now let’ luate  inf G(x—y,t—1). Let x €9EX (1 €
ow let’s evaluate (x,t)lgS(C6) (x—y, T) x X)), y
(y,0)ec?

9EX’(1). Then
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(xl (xl - X; )2
2o Z

'1(R)

2
i=1 (w‘l(R))
On the other hand outside 22 < t — T < bR? . Thus, we obtain
16S

_ —7)>R25.¢-S.07 40,
(xt)es(cﬁ) Gx—y,t—1) =R~ e (20)

(y)ec?
Let us consider the auxiliary function
W(x,t) =M(1—U(x,T)+ R - (be)™ - Pr(Eg)) —u(x,t),
where M = sup u.

D

Clearly, the function W (x, t) is L-superelliptic-parabolic in D by virtue of
Lemma 2.1.

According to the inequality (19) W (x,t) = 0 for (x,t) € I'(D) N S(C®).
Moreover W (x,t) =0 for (x,t) € I'(D) N C> by virtue of the inequality (17).
Finally W (x,t) > 0 for (x,t) € F(C®), Eg, for there U(x,t) = 0. Thus W(x,t) =
0 for (x,t) € I'(D). By the maximum principle W(x,t) >0 in D and, in
particular, given (20) and (18)

sup <M<1 - 1nfU(x y) + R725 - (be)™S - PR(ER)>

D“<CM (1—(b) =5 - exp (—%) (Pr(ER) — &)R™% +
ARTS(B) S e Py(E)) = M [1= 0) - (exp (- 14695)

16S
—eXp(—S))R‘ZS-PR(ER)+e-(b)‘5'exp( 49)R 25]
Considering now the arbitrariness of ¢ and the notation

b=S (exp (— 2—6:) — exp(—S)) by 4, we obtain
sup u < M(1—1ny-R™25 - Pr(E)).

DpNCe
Hence the necessary estimate of (16) follows.

Lemma 2.3 is proved.
Corollary 2.1. If the conditions of Lemma 2.3 are satisfied and Ejy

. . t'—p?R%,t ;<
contains the cylinder Crp (x), then
supu = (1 +n,(y,n,p)) - sup u.
o D DNCe
To prove it is enough to apply Lemma 2.2.
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and intersecting C®.

Lemma 2.4. Let C> is located in the area D having limit points on I'(C®)

Suppose further that in D there is a positive L-

subellipticparabolic function u(x, t) continuous in D and going to zero on I'(D) N
C>. Then there exists § = §(y,n) such that if E = C7\D and mesD < § - mesC?>,

then
supu = (1 +n3) sup u,
D DpNce
wheren; = -
Proof. Consider the auxiliary function
(2 = xo)
Wy t) = M 1+64 z - b | —u ),
(o)
where M- has the same point as in the preceding lemma.
We have
b
bR?
WllF(D)n(CS) 2 M(l - b) 2 0.
Thus
WllF(D) 2 0
On the other hand
b (xl - xo) -t
sup W (x,t) < M - sup 1+— Z — =
DNCS DNCE ; ( ‘1(R) R
L
1+b 1+sz b (1 47b)
64 4R? 64/
Moreover

113

M ~ ay;(x,t) M
a;; (x,
W, =— » — p— _Ju<

32 i=1 (wi‘l(R)) R

1/2
M [~ a2 (x, t) -
A (Sees) (S0 s
i= (x ) i=1 _1(R))
M ~ a;; (x,t) S A (x,t) M bM n
=32 L%, o A R TR
= (o) H (wi_l(R))

bn-c M
= (1 +¢) = c14(,m, b)

32y /) R?

(21)

(22)

(23)

(24)
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Note that without loss of generality, we can assume that the coefficients of
the operator L are indefinitely differentiable in D. Let D’ be the intersection of

some neighborhood of the region D with the cylinder C> = C;f’g'lez'to (x°) such

T2
that
mes D" < 2mesD. (25)
Let’s introduce the function {(x,t) as follows: {(x,t) = 1 when (x,t) €
D,{(x,t)=0 when (x,t) ED’,0<{(x,t) <1, {(x,t) is indefinitely
differentiable in the closure of C°.
Let z(x, t) be the classical solution of the first boundary value problem

C214 ~
Lz=—-—"—-0(x,t), (xt)€C>
7= -2 (0, () 26
z |F(C'5)=O'

It follows from the maximum principle that z(x,t) = 0 for (x,t) € C°.
Moreover, according to an inequality of type A. D. Alexandrov type inequality for
second order elliptic-parabolic operators (see [7])

1
cr5(m)[mes E§" (8,5)]" |< Cus @n

1 2
. n+i
( 1Cnsfdet(||al-j(x, t)||))n
By proceeding in the same way as in the proof of (8), we obtain for
(x,t) € C°

supz(x,t) <

¢s Lnsa(€5)

Wi (R)> ) i=1,..,n (28)

Ai(x,t) = a1 < R

It follows that

n
icrgfdet(”aij”) >y"- icnsfl_[/li(x, t) =

i=1

n

2
> (e R [ (o' ®) (29)
i=1
From (27) - 29), taking into account (25), we conclude that

1
s DT o R Ly

x —
2 "2
R - [T, 7 (R

1

sup z(x,t) <
C"S

n+1

n
2 1
<16 R nt1- [1_[ wi_l(R)] - (mes D)n+1 <
i=1

n
2
< Cie R n¥1- [1_[ wi_l(R)
i=1

1

“n+l 1
- (2mes D)n+1 <
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1

2 I n+l 1
< 16 R MHT [Hwi_l(R)] $ 2nH1 X
i=1
1 1 1
X §n+1 - (mesC® )n+1 < ¢y 4+ (25 )n+1, (30)
Let’s consider one more auxiliary function
Wo(x,t) = Wi(x,t) + M - z (x, t).

It follows from (24) and (25) that LW, < 0 for (x,t) € D . From (22) and
the non-negativity of the function z(x,t), we obtain that W;|rpy = 0. By the
maximum principle, we conclude that W, (x,t) = 0 in D, in particular, given (23)
and (30)

47b 2+ 1 1
sup u(x,t) < M |1 ———+4 2n+1-bn+l-fn+li-cyq]. (31D
Dncﬁ 64‘
We choose and fix 6 so small that
1 1 1 ]_5b

2mHL - ¢y o - bl - 7FL < —

Then the necessary estimate of (31) follows from (21).

The lemma is proved.

Corollary 2.2. Let the conditions of Corollary 2.1 be satisfied with respect
to the region D and let D define a positive L superelliptic-parabolic function v(x, t)
continuous in D and turning to unity on I'(D) n C>.

Then, if R < R, then

N2

1+,

D
Whel’e 772\ = 172_2,R0 = Ro(n, y)
Proof. Let D' ={(x,t) | (x,t) € D,v(x,t) < 1}. Consider the function
u(x,t) =1—v(x,t) for (x,t) € D'". Applying Corollary 2.1 to the function
u(x, t) we get

glcf"ﬁ v 2 772“ = ) (32)

1—igfv2 14+n, )(l—Dingﬁv),

. N2
> .
D!Rgﬁ VET ura (33)

Now it is enough to remark that the required estimate of (32) is also
proved.

Analogously it is proved

Corollary 2.3. Let the conditions of Lemma 2.4 be satisfied with respect to
the region D. Lemma 2.4 and there is defined in D a positive L-superalleptic-
parabolic function v(x, t), continuous in D and turning to one on I"(D) N C®. Then
if R < Ry, then.

. “ N3
inf v>n3" =

4
DNCs 1+n;5 (34)
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Whel’e 773\ = 172—3,R0 = Ro(n, )/)

Lemma 2.5. Let C> be a domain D which has limit points on I'(C>) and
intersecting €. Let D further define a positive L-supereliptic-parabolic function
v(x,t), continuous in D and converging to unity on I'(D) N C°. Then if E; =
C’\D, mesEg = 0, - mesC’, a; > 0and R < R,, then

Anf v (x, 1) 2 14y, m, 01). (35)
n
Proof. Without loss of generality, we will assume that mes,,_,dD = 0.
Consider a cylinder
to—b(l—po)Rz,tO—g(1+p0)R2 0 1
C7(py) = Cria—p, x®), po € (0,2].
We choose and fix p, > 0 such that
N\ 7 91 7
mes(C7\C7(py)) = — -mesC”.

It is clearly shown that p, depends only on n and o;. Let us denote by E°
the set of interior intersection points of Ex N C7(p,). Then

mes E® > mesE; — mes(C7\C7 (py)) =

o o
> 0, -mesC’ — 71 -mesC’ = 71 -mesC’. (36)

Let (x,t") be an arbitrary point from E°, and

S5ran o1y — E=BVRZE r N 60 1Y t‘—g(vR)Z,t‘ .
Cv(x’t)_CR:Bv (X),Cv(x,t)—CR:v (x)u
y t—b(VR)Zt-2(WR)?Z
CZ(X L ) = CR:V ’ (X )a

where v € (0, p,] is such that CJ(x',t") € C7. We denote by v(x',t") the exact
upper edge of those v € (0, py] for which the following is true
mes (D NnCcy(x, t’)) < 6§ -mesCy(x,t'"),
where § is the constant of Lemma 1.4.
There are two possible cases:
1L v(x,t) = po,
2. v(x', t") < po.
Let case 1) take place. Then according to Corollary 2.3 either D n
Co (x',t") = @, either,
inf ) =137
DnCé?(x‘,t’)v(x ) =13
Let D' = {(x,t) |(xt) € D,v(x,t) <n3"}. From the above, it follows
v

that C7\D" contains a cylinder C5, (x',t"). Applying to the function ;xf) Corollary
3

1.3, we obtain

v(x,t)

in =
DnCg (xt’) M3

and the constant 1, only depends on y,n and ¢y. Given that v(x,t) = n3" for
(x,t) € D\D', we conclude

> 772“:
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inf v(x,t) =21, "n3".
pnce

Thus, if case 1) holds, then Lemma 1.5 is proved.

Let case 2) take place. If for some other point (x”/,t"") € E° the case 1) is
satisfied, then again Lemma 1.5 is proved. So it remains to consider the situation
when for any point (x,t) € E° there is a case 2). Let’s cover E° with cylinders
Cﬁ(xlt)(x, t) € E® and choose from this coverage the countable under covered

{C (¥, )}, k = 1,2, .., of finite multiplicity g, (n) so that at that

mes CJ (D n Cy, (x%, tk)) < q,(n) - mes CJ (D ncy, (x*, t"))].
k=1 k=1

By Corollary 2.3, for every natural k, either D n C¢, (x*,t*) = @, either

inf v(x,t) =n3.
DnCSk(xk,tk)( ) = s

Moreover, in consideration of the (36)
[ee] 1 oo
U (D n cg, (x*, tk))] > —mes [U (D ncs (xF, tk))] >
k=1 1 k=1
1 (0.0)
> . Z mes (D N Cﬁk(xk,tk)) =

S M4z e

mes

5 < 5 <
: Z mesCy, (x*,t5) = — - Z mesC¢, (x*,t5) >
q14; =] 9192 £

0 001 ;
= 'mes E¥ = ——-mes C"’. (37)
4192 2019
v

T(’xf) by v; (x, t) and let
3

D; ={x,t): (x,t) € D,v(x,t) < 1}.
Then if E3 = C7\D,, then according to the condition on E and (37)

)mesC7.

We denote

mes E} > 0, *mes €’ + —— mesC’ = & -<1+
. ! 2919 ! 2919, )
Let’s apply to the function v, (x, t) the same procedure as for the function

v(x, t). Then we can prove either Lemma 2.5 or we obtain that if

vy (x,t
Dzz{x,t): (x,t) € D, 1 “)<1},E§=C7\D2,

N3

then
2

) -mes C’.

mes E3 > oy - (1 +
. ! 2419
Let’s continue the process following. Clearly, in this chain, alternative 2)

cannot repeat more than [y(n, §, o;) times, where [ is the smallest natural number
for which
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5 \v
o - |\1+ ) >1
! ( 2419,
Corallary 2.4. Let C° be a region D having limit points on I'(C>) and

intersecting C®. Let D further define a positive L-subelliptic-parabolic function
u(x, t), continuous in D and going to zero on I'(D) N C°. Then if Ex = C7\ D,
mesEg = oymes C’,a; > 0,and R < R,, then.
supu (x,t) = (1+1n,)- sup u (x,t). (38)
D

u(x t)

Proof. Let v(x,t) =1 —

2.5 to the function v(x, t), we obtaln that
Hence the required estimate of (38) follows.
—bR2 ——R 0

, Where M = sup u (x,t). Applying Lemma

Let C8 = Cp,

Lemma 2. 6 Let c3 contam a region D having limit points on the parabolic
boundaries of both cylinders C! and C2. Let D further define a positive L -
subelliptic-parabolic function wu(x,t), continuous in D and going to zero on
r(p)nc3. Then, if Hy = C®\D and mesHg = o - C8,0 > 0,thenat R < R,,

supu = (1 +n(y,n,0)) - sup u. (39)
D DNI(C*)
Proof. Without loss of generality, we can consider that sup u =1. Let
DNI(C*)

(x*,t*) € D NT(C*) be the point at which u(x*,t*) = 1.
Suppose at the beginning that (x*,t*) € F(C*), i.e., (x*t*) = (x*t9),

2
where t°=— 2% on F(C*), choose the minimum number of points

(x1,t%), ..., (x™,t%) such that
1. C8cUum, C7(x4t%);
2. One of the points (x*, t°) coincides with the point (x*, t%);
3. for any i,1<i< m, will be found j,1< j<m such that x/ €
aE’f (1) where the constant A(n) > 1 will be selected later.

Clearly, the number m depends only on n. From the properties of the
coating it follows, that for any i, 1<i,<m, there is a chain

(xi1,£0), .., (xik,t%)  such that (xix,t0),..., (", t%), xlert € AE%' (1), I =

Am
0,1,..,.k—1.
From the condition on Hi we conclude the existence of iy, 1 <i, <m

such that

. H
mes (HR n C7(Xl°,t0)) > meTsn R > %-mes cs. (40)

It’s easy to see that mes C® > mes C7(x%,t°) . Therefore, from the (40)
it follows that
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mes (HR N C7(x, to)) > %- mesC” (x',t0). (41)

Let §; = T+ where the constant is n, of lemma 2.5 is taken at o; =
2(1+1n4)

% . Let’s assume that

sup  u(x,t) =>1-—6;.
DNC8(xio,t0)
Then according to Corollary 2.4 and (41)
supu(x,t) =(1+n,) sup ulxt)=0A+n)-A-6) =
b DNCS(xlo,t0)
Na N4
=1+ > = (1 + ?) Dr?ll}(%)u(x, t),
and in this case the statement of Lemma 2.6 is proved.
Now, let’s say

u(x,t) <1-26;, (x,t) ence(xo,t?).

Consider the function v, (x,t) = u (x,t) — 1 + ;. It is not difficult to see
that the function v, (x, t) is L- subelliptic- parabolic in D, since §; < 1.

Let’s D; = {(x,t): (x,t) € D,v;(x,t) > 0}. The assumption is that the
cylinder €®(x', t°) located in addition to D .

For (x',t") € I'(C*) denote by ck/(x',t) cylinder c'(x',t);i= 5,6,7,
highlighting that in it. R = R’ . Let’s find one now A4 > 1, that C3(x,t) c
Co(x', t). Clearly, it is enough for the inclusion to be fair that
2 (AR)Z -1 -1 :

bR* < b 2 ,8w;"(R) <w; (AR),i = 1,..,n.

The last inequalities are satisfied if we fix A = max {2, a}.
Now, let’s say (x'1,¢%),..,(x%,t°) above-mentioned chain. By

R 2
. . . . t'—b(= A
construction Cg (x'1,¢%)\ D, contains a cylinder Cp (GP1) ("), where p,
a aP1
depends only on n.
Let’s 0y = —2
890 T 2ty
p = py. Let’s assume that sup
sup  v(x,t) = 8;(1 —ay),
D1NCR(xi1,t0)
a

, Where the constant n, of Corollary 2.1 is taken at

sup  u(x,t) =1— 38,0
DyNCH(x1,t0)

A
Using Corollary 2.1, we obtain

sup  vi(x,t) =1 +n,) sup  vi(x,t) =
DiNCH(xi1,t0) D1NCR(x11,£0)
a
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= (1+1n2)-6:(1— ay).
Thus
sup u(x, t) = sup  u(x,t) = (1-61)+
D DyNCE(xi1,t0)

1) 1)
+(1+n) 6-1—0y) =1+ 2 _ (1 + 1772> sup u(x,t),
2 2 J pnr(c®

and in this case the statement of Lemma 2.6 is proved.

Let’s

u(x,t) <1—68;,00, (x,8) € D; NCE(x",t0),

then consider L-subelliptic-parabolic in D function v,(x,t) = u(x,t) — (1 —
8,100).

Let’s D, = {(x,t): (x,t) € D,v,(x,t) > 0}. The assumption is that the
cylinder D; N C% (x'1,t°) is located in addition to D,. If now

az

sup  vp(x,t) = 6100(1 — gy),
D1nC% (xi2,t0)
az

sup  u(x,t) =>1-6,0Z,
DNC% (xi2,t0)

A2
then, applying Corollary 2.1, we obtain
sup u(x, t) = sup  u(x,t) =>1—38,0y+
D DNC (xi2,t0)
Az

6,0
H(+7) 010y (1= o) = 1+ 2202 =

51“0’72)

1
* 2

sup u(x,t),
DNT(C*)
and in this case the statement of Lemma 2.6 is proved.

If, however u(x,t) <1 — &,0¢ at (x,t) € D N C% (x%,t°), then we will
e

continue the process as follows. No later than the k-th step, we prove Lemma 2.6,
since u(x',t%) = u(x*,t°) = 1. So Lemma 2.6 is proved if (x*,t*) € F(C*).

Now, let’s say (x*,t*) € S(C*) and t* > t°. Clearly x* € dE2(9). From
the above considerations it follows that either Lemma 2.6 is proved, either
u (x,t) < 8,08" for (x,t) € D N Ck (x*,¢°).

Am
Let’s choose on the segment I, connecting the points (x*,t%) and (x*, t*),
minimum number of points (x*, t1), ..., (x*, tP) so that
4. Tc UL, C& (x*¢Y); tP =t
Am

5. at the intersection of C% (x*,¢') n C% (x*, ¢**1) cylinder is contained
Am am
Ch (x*t™*1),i=01,..,p— 1.
Am

Clearly p depends only on n. Consider the function
Wilx,t) =u(x,t) —1+6; 07",
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12
2(1+72) ) )
Let’s D' = {(x,t): (x,t) € D,W;(x,t) > 0}. By assumption, the cylinder
C% (x*,t°) is located in the supplement of D. If

where g, = min {00, },ﬁz -constant 17, of Corollary 2.1, takenatp = A™1.

Am
sup  Wi(x,t) = 6,07 (1 —0ay),
DINC% (x*t1)
Am
ie.

sup  u(x,t) =1- 800",
DInC% (x*t1)

Am
then, applying Corollary 2.1, we obtain

sup Wi(x,t) = (1 +72) 607" (1 —03).
Dinct 5 (x*th)

Am-1
Thus

sup u(x, t) = sup u(x,t) =
D DINnC® 5 (x*t1)

am-1

>1-60+A+17) 60 (1—0y) =

6,00 6007

102 12 — <1 +L772> - sup u(x’ t)’

2 DAr(c*)

and in this case the statement of Lemma 2.6 is proved.

If uCx,t) <1-—3580""" at (x,t) €D NC% (x*¢1), then we continue

Am

> 1+

the process as follows. At the latest p-step, we prove Lemma 2.6, since u(x*, t?) =
(x*t9) = 1.

The estimate of (39) is completely proved.

Theorem 2.1. Let C! be a region D that has limit points on I"'(C') and
intersects C*. Let D then define a positive L-subelliptic-parabolic function u(x, t),
which is continuous in D going to zero on I'(D) N C*. Then, if with respect to the
coefficients of the operator L the following conditions are satisfied (2) - (4) , then
at Hg = C8\ D, mesHg = omesC®and R < R,

supu(x,t) = (1+n)- sup u(x,t).
D DNC*

The statement of Theorem 2.1 follows from Lemma 2.6 and the maximum
principle.

3. The oscillation theorem and the internal a priori estimate of the
Holder norm of solutions

Theorem 3.1. LetD c R,,,1, n=1,(0,0) € D in a bounded domain D

have coefficients of the operator L which satisfy the conditions (2)-(4). Then, if
u(x, t) is the solution of the equation (1) in D and C* c D, thenat R < R,
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Ui
osc u(x, t) = (1 + E) - 0s( u(x,t), (42)

where 7 is the constant of Theorem 2.1 at o = %

Proof. In the proof suggested below, only Theorem 2.1.1 will be used. In
this plan, if
M; =supu,my; =infu, M, =supu,m, = infu
ci ct c4 c*

and the inequality of the form (42) is valid for the function

M, +m
9 0) = ule ) = ———,
then it is fulfilled for the function u(x, t). But

M, +m, M, +m, M,—m,
supd(x,t) =supu ————=M, — = :
ct ct 2 2 2
) ) M, +m, M, +m, M, —m,
1Cn4f19(x,t) =1Cn4fu——:m2— 5 = — >

Furthermore, it can always be considered that M, —m, > 0, otherwise
inequality (42) is obvious. Therefore, without loss of generality, we will supposed
that the M, = 1,m, = —1, i.e. oscu = 2.

Let's
D* ={(x,t): (x,t) € CHu(x,t) >0},
D™ ={(xt): (x,t) € Ctu(x,t) <0}

Obviously, both of these sets are not empty

At least one of the following inequalities is satisfied

1) mes(C®\D*) =S mesC?,

2) mes(C8\D™) > %mesCS.

Let the case 1) take place for definiteness. We note that alternative 2) reduces
to 1) multiplying the solution u(x,t) by (—1). Let’s denote by D’ that connected
component of the set D* which contains the point (x°,t°) € I'(C*), where
u(x°,t%) = 1. By applying Theorem 2.1 to the function u(x,t) in D’ with the
constant = % , We obtain that

Mi=A+nMy=1+n,

ie.
Ml_m121+n_m121+n_m2=
_ _ M _ ™. v —
=2+n=2(1+3) = (1+3) M —m;)

and the required estimate of (42) is proved.
Corollary 3.1. Let
£0_bR% o B
CRx%t) =Chy 8" (x9), v= max{B,E}.
Then, if the conditions of Theorem 2.1 are satisfied and C,z(0,0) c D,
thenat R < R,
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n
> —_
Cvgas())u(x, t) > (1 + 2) c,?(so,co)u(x’ t). (43)

For the proof it is enough to notice that at the chosen v there is an inclusion
of €1 c C,(0,0).

Corollary 3.2. An estimate of the form (43) is also valid in cylinders
C,r(x%t% and Cr(x%t% respectively, unless R < Ryand C,r(x°,t%) c
(D Uy(D). Here y(D) is the top cover of the region D. Indeed, if (x°,t%) € C*,
then we should repeat almost verbatim the reasoning of paragraph 1 and the proof
of Theorem 3.1. If (x%,t%) € C*, then we can apply the corresponding result for
uniformly parabolic equations of second order (see e.g. [7]).

We denote by Cz(D),0 < g <1 the Banach space of functions u(x, t)
defined on D, with finite norm

lu(x, t) —u(y,7)|
lulleyo) = suplul T 7
xt), (v, D€ _ Ml —
oy (e =yl + e =)
Let'sp > 0,D° = {(x, t): (x,t) €D,C, (x,t) € D}.
Theorem 3.2. Let u(x,t) of the equation (1) be defined in the region D,

whose coefficients satisfy the conditions (2)-(4). Then for any p > 0 there exist
constants B(y,n), ¢z 21 (¥, n, p) such that
||u||cﬁ(Dp) < c221 " lullew). (44)
Proof. Let (x%,t') and (x2,t?) be two arbitrary points from the D”. For
definiteness, we will assume that t < t2. Let us fix an arbitrary small enough
p > 0. Two cases are possible:
1 (% t%) € Cy(x',th),
2. (x%t?) EC, (21 th).
Let us first consider case 1). Let for m =0, 1, 2, ..., C(m) denote the cylinder
Cpy-m(x1,t1). Clearly, there exists a non-negative integer m, for which
(x2,t%) € C(my), (x%,t%) E C(my + 1). (45)
It follows from (45) that either x2 € E;;—mo—i(g), either ¢t —t% >

—2mg—2 _ 1
f x2 € Egv_m0_1(9), then
> (-2

2
i=1 (wi_l(pv_mo_l))
Thus there you’ll find iy, 1 < iy < n such that

bp?v

8

> 81.

9
1_ .2 —1(, —mg—
|xi, —xi| 2 \/ﬁwio (pv~o™ ),

So, in any case

9
lxl — x?| + 4t —t?2 = ﬁwi_l(pv‘mo‘l) +
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b —-mgo—1 -1 -mo—1
+ |5 pvTT 2 p(rmw (v, (46)

Applying now successively Theorem 2.1 to the function u(x,t) in
cylinders C(i) and C(i + 1),i = 0,1, ..., my — 1, we obtain

n\™o
g5 =(1+3) gy
ie.
< ! (x,t) <
OSC U = —————- " 0Scu\x, =
c(mg) (1 n Q)mo c(0)
2
() 200
< W ogcu < W ||u||c(D)-
o (1+3) (1+3)
Thus, taking into account (45), we conclude that
c23(y,m)
lu(xt, th) —u(x?,t?)] < W lullcepy- (47)
(1+3)
Let us denote = 1 + 2, then
pm0+1 — vlogva°+1 — v(m0+1)logvp — v(m0+1)-ﬁ
where f = log,, p. Taking into account (46), we obtain
=10 —me—131P
p=(mo+1) — 4, =(mo+1)B — [c22 & (v )] <
Voo tDB ¢, - w;l(pv-mo-l)]ﬁ
[l = x?| + Vit — tz]ﬁ
- [Cz.z.z Mo+l . w{l(pv‘mO‘l)]B.
Using the latter estimate in (47), we arrive at the inequality
luCxt, 1) —u(x? t?)| <
B
< C23" [|X1 —x%| + Vit — tz] Nulleepy (48)

[Cz.z.z yMotl . wi_l(PV_m"_l)]B
Let alternative 2) now take place. Then either x? € E§1(9), either ¢t —

2
t? > b%. Proceeding in the same way as in deriving equation (45), we obtain that
in any case

[xt — x|+ {t1 = t2 2 4 (y, 1) - 0 (p)
Therefore, taking into account (48), we have
luCx®, ') —u(x?, t)| < 2 llullepy <
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- 2(|xt — x?| + m)ﬁ

3 Alulleepy- (49)
(Cz.4 ) wi_l(P))
From (48) and (49) we conclude

lu(x®, t') — u(x?,t?)]
5 < cas ulley (50

(lx1 —x?| +Vtl — tz)

where
Cy3 2

Cy 5 = max 7 Z(
[Cz.z - yMotl . wi_l(PV_mo_l)] [Cz.4 ' (Ui_l(/))]

Now it is enough to consider the arbitrariness of points (x!,t!) and
(x2,t2) from DP, and from (50) follows the required estimate (43) with c,; =
Crs + 1.

Theorem 3.2 is proven.

4. Harnack’s inequality for positive solutions

Let D c R,,; be a bounded domain,n >1,(0,0) € D, C'(x°t°) =
9bR?
s (x®),€1(0,0) = C*, and we’re supposed to assume C* < (DUy(D)).

Lemma 4.1. Let (x°,t%) € ¢! and let C*(x°t%) contains a region G

having limit points on T'(C*(x?,t°)) and intersecting Cg(x°, t°). Let further in G a
positive L-subelliptic-parabolic function is defined, continuous in G and
converging to zero at I'(G)NC*(x%t%). Then, if we consider the operator
coefficients L conditions fulfilled (2) — (4), then for anyone K > 0 there exists
8o (y,n, K) such that for R < R, and

t0—
CR:17

mes G < &, - mes C1(x°,t%) (51)
there is an evaluation
supu(x,t) = K- sup u(x,t). (52)
G GNCR(x0,t0)

Proof. Let n be the constant from Theorem 3.1, taken at ¢ = % and let p be

the smallest natural number for which
1+nP =K
Let’s put

P ( 36 )” 4
" \17p) 81-17"-p’
Let’s divide the difference C*(x?,t%)\Cr(x° t°) parabolic boundaries T;
of cylinders
to—ﬁ(ugi) t0

8P (x9),i=01,..,p—1

Ci =C .
81

R:9+—
14
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into p parts. It is clear that Iy coincides with I'(Cg (x°, t°)).
Let us denote by i = 0,1,...,p — 1 sup u through M;, and let the value

GNTI;
of M; be attained at the point (x',t") € T;.
Let’s consider cylinder
M _ @ _ At 18p
60 = ¢ (a0 = ¢ o),
p 1719
_ pi_ 4bR? iz bR?
cP=c P ¥(x),i=01,.,p—1.

.W
Assuming C,, = C*(x?,t°), we obtain that fori = 0,1,p — 1

Cl(i) C Civa-

We have
mes (C{\G) = mes C§” —mesG,i =0,1,..,p— 1. (53)
On the other hand
G _ |51 36 _
mes C;” = bR? - (17p nw YR), (54)

where |S; | is the volume of a unit n-dimensmnal sphere
Furthermore, according to (51)

9bR?

mes G < &, - mesC1(x%,t°%) = §,

7718, ﬂw-l(m (55)
Using (54) - (55) in (33) and considering the choice of 60, we conclude
1
mes (C?El)\G) > Emes C_QE 2 ,i=01,..,p—1.
Hence, according to Theorem 2.1 and the reasoning in Corollary 3.2, it
follows that

M1 = (A +9M;,i=01,..,p—1.
where M,, = sup u. Thus
G

M, = (1+n)P - M,,
and the required estimate (52) is proven.

Lemma 4.1 is proven.

Let G be an arbitrary domain located in C'(x?,t%), where (x°t°) €
C1(0,0) and R < R,,.

We denote by A(G) the set of all L-superelliptic-parabolic functions in G,
and through A* (G)- the set of all non-negative L-superelliptic - parabolic functions
inG.

Let for g € [0,1]

AF(x°,t%) = A*(C*(x%t%)) n
N {uzmes (C*(x%t%) N [(x,t): u(x,t) = 1]) = f - mes C1(x°,t%)},
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1
yg(xo,to) = inf{ u(x, t%): x € EX’ <§>,u € Ag(xo,to)},

vg = infyg (2%, ¢),y(B) = lim 5.
Easily see, that 0 < y(B) < 1, and function y(8) not reduced by . It can
be shown that the function y () is continuous on [0, 1].
Lemma 4.2. Let u(x,t) € A*(C'(x%¢%)) andR < R,. If there exist
B €[0,1] and e > 0 such that

mes{C1(x% t") Nn[(x,t) : ulx,t) = €]} > mesC(x°t"),

that

1
u(x, ty) =€- y(B) for x € Ef(fo (E)
Proof. The statements of Lemma 4.2 follow from the definition of the
function y(B).
Lemma 4.3. Let u(x,t) € A(C*(x°,t%)), (x%t%) € C* and R <R,. If
there are § € [0,1] and v > 0 such that u(x°,t°%) > v,

mes {Cl(xo,to) n [(x, t): ulx,t) < %]} > B -mes C1(x9,t?)

that
( t)>v<1+ ! ) (56)
su ulx, = = — ).
Cl(xor,JtO) 2 1-y®)
Proof. Suppose that inequality (47) does not hold. Then there exists &; > 0
such that if W (x,£) = 222 — 1 that
1
sSu W=————=a,.
cl(xOI,)tO) 1-y(B)+e&
Let, further Z(xt)=1-2"2 that Z(x,t) € A*(C1(x°,t%)).

a,
Moreover, if u(x,t) <, that Z(x,t) > 1. Applying Lemma 4.2 for & =1, we
obtain Z(x°,t%) > y(B). On the other hand, by condition W (x°,t%) > 1, therefore

) 1 - W(xo,t°)> ®)
a; a, =V
ie,a, = 1_;(3), which is impossible, Lemma 4.3 is proven.

Lemma 4.4. The following limit equality holds
BL“fl B =1
Proof. First, let us rephrase the statement of Lemma 4.1. Let u(x,t) €
A+(G),ulr(6)ncl(x0,t0) = 1. Then, for any K > 0, there exists §,(y,n, K) such

that if , R < R,(y,n, K) and condition (51) is satisfied, then

1
. S q{_—
Gncllgr(l;foth) ulxt) 21 K G7)
Indeed, let G = {(x,t) : u(x,t) < 1},
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9bR?
9(x,t) =1—u(x,t) —c3, [t —t°+ 5 )

where the positive constant c; ; will be chosen later. We have
U = —u;, ;5 = —W, U = —Up — €31, 9 = — Uy,
n
LY = Z aij(x, t) 1911 + (p(O - t)ﬁtt - 79t =
ij=1
n

=- Z a;juij — @O0 — uy + U+ c331 = —Lu+cy31 =34 (58)

ij=1

Then the function 9(x, t) will be L-subelliptic-parabolic in G'.

Assume first that G* N Cx(x%,t%) # @. There are two possible cases

1) sup 9 >0,

G‘nCR(xO,tO)

2) sup 9Y<0.

G‘OCR(xO,tO)

Let case 1) occur. Then, according to Lemma 4.1, if §, corresponds to the
constant 2K, then
9b
— > . — i — . .pR2
1 1(1;1fu(x, t) = 2K (1 G‘nC};r(IJ{O,tO) u(x,t) —cz3q 3 R ),
inf n>2K1 Kb ge 59
ncitho o) ultnt) 2 ———c1 : (59)

We will record now R. Then, from (58) it follows that (57), since u(x, t) =
1 for (x,t) € G\G'. If G N Cr(x°t% # @, then u(x,t) =1 for (x,t) €GN
Cr(x%,t%). Thus, inequality (57) is proven.

Let us now return to the proof of Lemma 4.4. Suppose that its statement
does not hold. Let’s fix an arbitrary € > 0. Then there exists a € (0,1) such that
y(B)<1—a for € (1—¢,1). Let us set K =§ in (57) and choose the
corresponding 8, and R;. Let‘s € = min{e, §,}. By definition of the function
y(B), there exists R, < R; such that yzz <1 —% forp € (1 —¢€,1). Let’s fix an
arbitrary B, € (1 — €, 1) . Then there will be a point (x°,t%) € C* (at R = R,),
the function u(x, t) € A;j (x°,t%) and the point x € E,’{ZO G) such that

a
u(xtt9) <1- T (60)

Let D' = {(x,t) : (x,t) € C1(x°t%),u(x,t) < 1}. By definition of class
Ag; (x°,t°) we have
mesD" < (1 — B,) mes C1(x9,t%) < &, - mes C1(x°,t°).
Then, according to (57)
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a
inf u=1-—-.
D'NCg, (x°,t0) 4

Considering that u(x, t) = 1 for (x,t) € Cg, (x°,t°)\D", we conclude that
a
inf u=>1-—-
CRZ (Xo,to) 4‘
and in particular
a
u(x1,t% >1- T

The last inequality contradicts (50).

Lemma 4.4 is proven.

Lemma4.5. Let R < Ry, 0 € (0,11, H; € E 1] =12

—2H;bR? <1 < —H;bR? 4H,w;*(R) < x? — x} < 8H,- w;*(R),

x} + Hyw; (R) < x? < x? — Hyw7Y(R);i=1,..,n;x° € ES(4),

N={Ct):x} <x;<xfi=1,..,n1—2HbR*<t <t}

Then, if u(x, t) € A*(N) and u(x,7 — 2H,bR?) > 1 for x € EX’ () then

there exists m(y, n, H;, H,) such that u(x, 7) > o™ for
xt + Hyw;*(R) < x; < x* — Hyw;*(R); i=1,..,n
where H, = min{H;, H,}.

Proof. First, note that the statements of all four previous lemmas in this
paragraph remain valid if, instead of the original cylinder C1(x?,t°), we take the
cylinder €°(x°,t%) = C};?[bez'to (x©). Without loss of generality, we will assume
that x® = 0 and 202 < HZ. We will fix the point (x*,7) € N such that

x} + Hyw;'(R) < x; < x? — Hyw;'(R); i=1,..,n
2 *

Let us denote = fT",y = . Consider the set
1

X
2H,bR?

® T — (f — 24,12
P (x,t):z[xl (t =7+ 2H.bR?)y;] <

2
= (07'®))
< &(t -1+ 2H;bR?) + 0%, T— 2H;bR* < t < T}.
It is easy to see that the set S is entirely located in the inclined cylinder.
n

C_(f — 2Y.,.12
5, = (x,t):Z[xl (t —t+ 2H.bR?)y;] <

2 (o)
< 2¢H,+ 0% 17— 2H;bR?> <t < T}.
On the other hand, at the lower base Sy, i.e., t = T — 2H,bR?
n 2 2 2 2
i< 90 by o2 =10 M0
=1 (R G) I 2 2
Thus, for points (x,7 — 2H;bR?) of the lower base S;, the following
inequalities hold
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|xl| < Hoarl(R) i=1,.,n
Given that x} < —H,w;(R),x? = Hyw;*(R) we conclude that x} <
x; <xti=1,..,n. Thus we have shown that S; is located on N.
Next, for the points of the upper base Sy, i.e., whent = t
(x; — 2H1bR2yl) -1,
z NG D
=1 ‘1(R) i=1 (wi‘l(R))
Thus, for the speC|f|ed pomts, lx; — x}| < Hy- w7 (R), i.e., x; < x] +
Hy w7 (R) < x? and x; > x{ — Hyw;'(R) < x},i=1,..,n. Thus, the upper
base S is also located on N. From the convexity of N, it follows that the inclined
cylinder S; together with the sets S are located on N. We note that the parabolic
boundary S is the union of the sets I} (S) and I, (S), where

) = ey Y T T ZIDIONE

2
(0 @)
=&(t —t+ 2H,;bR?) + 6%, 71— 2H,bR? < t < 1}
n x.z
L,(S) =1 (x, t):Z—‘ = 0%t =1 — 2H,bR?

i=1 (a)i_l(R))z

Let us introduce for (x,t) € S the functions
x; — (t — T+ 2H;bR?)y;
Z,(x,0) = i—( 1 )yl,izl
JE(t — T + 2H bR?) + 02
< [x; — (t — T + 2H;bR?)y;]?
r(x,t) = Z >
i=1 (wi‘l(R))

d(x,t) =

y ey I,

J[&(t — T+ 2H,bR?) + ¢?];

[1—7(x,y)]?
[6(t — T+ 2H bR?) + 02]¥
where the positive constant d will be chosen later. It is easy to see that 0 <
r(x,t) < 1for (x,t) € S, where |, 5y = 1.

We have
0P B 1 2(1 0 or .
dx;  [é(t — T+ 2H,bR?) + 02]4 r(x,0) ox;’
0%d _ 1 y
dx?  [E(t — T+ 2H bR?) + g2]d+1
Jr 2 —(t —7+ 2H,bR? 2
a; [x; —(t—71 1 )y‘]—Z(l—r)- s
l (w;l(R)) (07 ()
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ar 1 2[x; = (t — T+ 2H,bR?)y;] |
dx; &(t — v+ 2H,bR?) + o2 (wfl(R))z '
?°® 8¢i¢; _ 1
0x;0x;  [€(t — T+ 2H.bR?) + g?]4+1 (wrl(R))z (w.—l(R))ZI
12 ]
or 2 N ilxi = (= 7+ 2H,bRD)y,]
dt  &(t — 1+ 2H,bR?) + g2 ; (w.—l(R))z -
~ ¢ i [x; = (¢t — 7+ 2H,pR})y;]*
[E(t — T+ 2H;bR?) + 02]? L (w[l(R))z '

n

a’r 2 y? N
9t2  &(t—t + 2H,bR?) + Z'Z - 2
‘f( T 1 )+o (wil(R))

i=1

a¢ C yilx — (6 — 7+ 2H,bR?)y;]
+ : +
[6(t — T+ 2H,bR?) + 02]? ; (w;l(R))z
s 282 z": [x; — (¢ — 7 + 2H;bRY)y,]*
[6(t — T+ 2H,bR?) + ¢2]3 £ (w;l(R))z
L) 20-1)'r, d(1—-7)%-¢
9t [&(t — v+ 2H;bR?) + 02]2  [E(t — 7 + 2H,bR?) + g2]4+L’
?d 2[r2 — (1 —71) 14 48d-(1—7)1,

at2  [&(t — T+ 2H,bR?) + ¢2]¢ ' [£(t — T + 2H,bR?) + g2]d+1 *
Ed?-(1+d)-(1-1)?
[6(t — T+ 2H,bR?) + g2]4+2’

Ld( t)—zn: (x,t) ot + ¢(0 t)a2q) aCD>
Y=y la"f B oxiox Y 9tz ot -
i,j=
> [é(t — T+ 2H,bR?) + 0%]7% 1 x
S ZiZj 2
x18- ) a0 - z+ (1 —r)2d +
Lj=1 (wi_ 1(R)) '(w,-‘l(R))
n
a;i(x,t
+20r—1)-|2- L)z+fr—

i=1 (wi‘l(R))
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yl(xl - (t —T+ ZHleZ)YL)
—2
Z (0 ®))’

where ¢ (0 — t) atz > 0 (follows from condition (5)).
From condition (20) we obtain

: (61)

n

n , 1/2
2,2 ajj(x,t)
ij

=1 (wi‘l(R)) . ((Uj_l(R))z :1/1i(x, t)/lj(x, t)

" 1/2
" (z (e )4 (x, 1) - 2421 1( )) ) )
“L(R
Zn: l(xt) Z“xt)

= (@) (
— _1(R))

21 (x, t) S —

-1(R))
@i, 0) 2,0
Z( /1 (x, 1)

-1(R))

DN
(zm ) ) Satn),
Xi(l(xt) %Z A(xt) ©2)

. (R) 1 ‘1(R)
On the other hand, for (x,t) € S
~1(R)\?
i R( )> < Ai(x,t) <

"N

IV

C3.2(V' n, HlIHZ) ' <

TR
< c33(y,n,Hy, Hy) - R i=1,..,n
Using (63) and (62), we conclude that
n

ZiZj
Z aij(x, t) 2 2 = C3.4(% n, Hl'HZ)r’

=1 (wi_l(R)) ' (w,-‘l(R))

(63)
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n
a;;(x,t)

i=1 (w{l(R))

We have, furthermore

< C3.5(Y! n, HlIHZ)' (64)

Zyl(xl - (t -7+ 2H1bR2)y1) <

(071 ®)"
n 1/2 n , 1/2
— (t — ©+ 2H,;bR?)y;]? Vi
< . _ <
Z (o7 ) 2 (o' @)’
1
n 2
3 2 N L (x{)?
<|((t—1+2HbR*) + %) HH2HR ;(wi‘l(R))z <
< C3.6(y' n, b' HlfHZ)' (65)

Given that ér < 1 and using (64)-(65) in (61), we obtain
Ld > [E(t — T+ 2H,bR?) + 0?7 %1 x
X{8c34 T+ (1—7)28d—2(1—-7)(2 ¢35+ 1+ 2c34)}. (66)
It follows that there exists ry(y,n, Hy, H,) < 1, sufficiently close to unity,
such that
8c34=22(1—1)(2c35+ 1+ 2c34),
if only o <r<1. If 0<r<r, then there exists a sufficiently large
d(y,n, Hy, H,) such that
(1—-7r)28d>2(1-7)Q2c35+ 1+ c36).
Let us denote this by d. Then the function ®(x,t) is L-subelliptic-
parabolic in S.
Let u(x,t) € AY(N). Consider the auxiliary function w(x,t) = u(x,t) —

a?d- d(x,t). It is clear that w(x,t) € A(S). Furthermore, w |1, ) >0, since
>
® | s = 0.O0nthe other hand
_ ~2d — _ _ 2
w |F2(S) >1-02%-@ |F2(S) =1-(1-7r)>>0.

By the maximum principle w (x, t) = 0 for (x,t) € S. In particular, at the

point (x*,7) , where r = 0, we obtain
2d O.Zd

*T) > > > g24, 67
u(x,7) (£2H,bRZ + 02)2 = (bHZ)2 = 7 (67)

Now it suffices to choose m = 2d and the lemma is proven. Let the
cylinder be denoted by €°(0,0), C°: ¢° = C5*2R*9(0).
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Theorem 4.1. Let u(x,t) be a positive solution of equation (1) in the
domain D, and let the conditions (2) - (4) be satisfied with respect to the
coefficients of the operator L. Then, if C° c D and R < R,, then

bR?
u(0,—bR?) < cy5,(y,n) - inf u (x, ——). (68)
X€EED 2
2

Proof. Let the number m from Lemma 4.5 correspond to H; = %, H, =1.

Fix this m and find, according to Lemma 4.4, such g € (0,1) that
1 1
=1+ —) > 2m, 69
2 ( 1-y(1-p) (69)
Let's asuume that r € (0,1),v(r) = u(0,—bR?) - (1 — 7)™,

Q(r) ={(x,t):x € E3(r),— bR2(1+7r?) <t < — br?},

g(r) = maxu(x,t).
Q)

Let’s asuume that (x*,t*) € Q(11),g(r1) = v(rl) =u(x*t"),

(l—r b(1
:{(x,t):er;{( 5 1),t* (4 )R2<t<t*}.

For (x,t) € F , we have

1
n 2 n . z
2| = 2
=1 (wi_l(R)) i=1 (w{l(R))
o\ oi-r Lir
+ Z i -] < . 1 = > 1
=1 (071 (®))
On the other hand
1-— 2 1 + 2
1+7rf+ LRSI il Vi
Therefore, F c Q (1”1) i.e., for (x,t) € F by virtue of (69) and the fact
that == rl > r;, we have
uGet) < g(~5) <v () =u bR (1--57) s
2 2 2
<2M-v(n) < —— v(r) (1 + ;) 70)
i T—y(a—p))

If we now assume that

mes{ [ ) : 1) < V(;l) } > (1 — B)mesF,
From the equality u(x*,t*) = v(r;) and Lemma 4.3, it follows that
v(ry) ( 1
supu(x,t) =——-(1 +—>.
ppulnt == 1—y(1-§)
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The last inequality is impossible due to (70). We used the fact that u(x, t)
is a solution to equation (1), i.e., u € A(F). Thus

mes {F N [(x, t): ulx,t) < V(;l)

} < (1 — B)mesF,

(x,t) : ulx,t) <

mes {F N

VT~
(21)]} > fmesF. (71)
Now we use Lemma 4.5. There are two possible cases: r; >§ and

r € (O, %] Let us assume the first case. Let us assume

o 9 —1 bR*  bR? 5 9, — 1

xY = x*,0 = ———,————2H,bR* =t*,H, =
8ry 8

It is not difficult to see that %S Hi<1,j=12.

If now o = % then EX° (o) c EX° (1?).

Indeed, let x € Efq‘o(a), then

n 2
(x; —x0)" (1 —mr)?

= (w;l(}e))2 64

Therefore

n

G 2 Z(xl—x")

= (o -1<R) w7 (R))
n £\ 2 E n N 2
n Z(xzp_xi) <1_T1+1—T1_ (x)? <
-1 2~ 8 8ry - -1 2] -
= (o' ®) = (w7 ®)
1-nn 1-n 1—-n
< 1=
=3 Y7, T3

Let x!=-2H,w;*(R),x? = 2H,w;*(R),i =1,..,n. Then, from
Lemmas 4.2 and 4.5, taking into account (51), it follows that for x € E2 G)

s e

1 - Tl m 1 2 -m
= (—52) 5 u(0,-bRY - (1 =)™y (B) =
=273m=1.y(B) - u(0,—bR?). (72)
Letr, € (0, ﬂ and 7, ¢ and H; have the same meaning as above. Let
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7y + 1
0 1 * 1 1 -1
= ,H=1,-=—< +1) “1(R),
x gr, 2 X 7r +1 o (R)
2 (ST +1) w;'(R),i=1
X = L= o, n
: 7ry + 1 ’ T

Then, taking into account Lemmas 4.2 and 4.5 and inequality (51), we
again arrive at estimate (52). Thus, the required inequality (58) with ¢5, =
23m+1 .y (R) is proven.

Corollary 4.1. If the conditions of the theorem are satisfied, then for
R < R,, the following estimate holds

, bR?
u(0,—bR?) < c35(y,n,b)+ inf_ ulx,———|.

Lemma 4.6. Let the conditions of Theorem 4.1 be satisfied. Then, if
X € 0ED ( ) then for R < R, the following estimate holds

_ bR
u(%, —bR?) < c34(y,n.b) - 1nf u< —-(1-0) —)

Proof. Let us fix an arbitrary point x € dE2 (Z)' It is easy to see that if

X € 02 ( ) X € OEF ( ) then x € ED (%) Consider the cylinder C° =

CT2PR%0(%). Let us make the following variable substitutions: y; = _xT‘(R) i=
s

1,..,n, T = R™2t. Then, under our transformation, C° will be a straight circular

cylinder C° = B1(¥) x (—2b,0), where ¥ is the image of the point x. It is clear
8
that 7 € 9B1(0).

4
Let @iz (y,7) be the image of the function u(x,t). Then equation (1) in
variables (y, 7) take on the appearance of
n

- 0%ig 0%up Jdup
Lpiig = Z af(y, 1) +9(0—R*1) R* —————=
= dy;dy; Jat Jat
where
2
0 (1) = —e 4y G107 (R) ., ypor (R), TR?).
L\ —1(R) —1(R) ij V1l o nWn

For (y,7) € C° (i.e. (x,t) € C?)

SN % @D i o' R\ _af ’a
VELAGo L\ ) e P
l:
However, for x € EJ (%) € EX ( ) and |t|] < 2bR? the following
inequality holds

w;'(R)

c3.10(¥, n)< > < (xt) <
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o (R
< c3_11(y,n)< R ) ,i=1,..,n (74)

Using (74) in (73), we conclude that
n

y< Z afi(y,7),v1 € (0,1]
i=1
and
2

o= sggp Z (afj(t,r))z/<z aﬁ-(y,r)) - —132 <0.

ij=1 i=1
Then, according to the theorem of I. V. Krykov and M. V. Safonov [11],
for uniformly subelliptic-parabolic equations of the second order, we obtain

1 (5,-5) < caanarm) - inf, 7 (5,-1 - 0)7)
u-\y ) = G312\ 961(%‘1)11 Y, 1)
Now it is enough to return to the variables (x, t).

Lemma 4.6 is proven.
_bR?

,0
Letct®=C_,* " (0).

‘4
Corollary 4.2. Let the conditions of Theorem 4.1 be satisfied. Then, for
R < Ry, the estimate
u(0,—bR?) < c313(y,n) - icrllgu(x, t).

Indeed, let (x,£) be a point on the lateral surface S(C*°) such that
u(x,t) = S(icqg)u. According to Theorem 4.1, we have

, _ bR? _ bR?
u(0,—bR*) < c3,+ inf_u X, = <c3;ulx,——).

xEEg(%) 2
Applying Lemma 4.6, we obtain
2 . i
u(0,—bR?) < c37C39 S(lc[llf())u. (75)
On the other hand, according to consequence 4.1
2 ]
u(0,—bR*) < c34 F(lgllfo)u, (76)

where F(C1°) is the lower base of the cylinder C1°.
From (75) and (76) it follows that

—bR?) < - inf
u(0,—bR*) < c314 I,(lgm)u'

where c¢514 = max{cs,C39,c3g}. Now it is enough to apply the maximum
principle and the corollary is proven.
—2bR2,—7bR2
LetCcl! = CR_l * (0).

‘4
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Theorem 4.2. Let u(x,t) be a positive solution of equation (1) in the
domain D, where the conditions (2) — (4) are satisfied with respect to the
coefficients of the operator L. Then, if C°® c D and < R, , then

supu < c315(y,n) - infu. (77)
cii ’ c10
Proof. Consider the cylinders €12 =Cg3P% "PR*(0) and (13 =
_5bR®? __ 5
CR.1 * (0). Let us perform the same coordinate transformation as in the proof

‘4

of Lemma 4.6. Then the images of C'%,C? and C*3 will be straight circular

cylinders  €'* = B1(0) x (—2b,—22),C1? = By(0) x (~3b,—b) and (%3 =
4

B1/4(0) X (—54—1’, —b), respectively. Proceeding as in the proof of Lemma 2.3.6,

we show that the image iz (y,7) of the function u(x,t) satisfies a uniformly
elliptic-parabolic equation of the form (1) in C'2. According to the Harnack
inequality for uniformly elliptic-parabolic equations of the second order with non-
divergent structure (see [7]), we have

sup fig < c316(y, 1) - infilig < Tig(0,—b).
11 c13
Returning to the variables (x, t),

supu < ¢3¢ - u(0, —bR?).
11

Now, to complete the proof of estimate (77), it is enough to apply
Corollary 4.2.
The theorem is proved.

5. Conclusion

In this work, we have comprehensively investigated the qualitative
properties of solutions for a class of non-uniformly and strongly
degenerate second-order elliptic-parabolic equations. The presence of
strong and non-uniform degeneracies introduces significant mathematical
challenges, as the classical regularity theory and standard energy methods
cannot be directly applied due to the loss of ellipticity or parabolicity in
arbitrary subdomains.
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